In this paper, we revisit Janssen's (2003) formulation for the dynamic excess kurtosis of weakly nonlinear gravity waves in deep water. For narrowband directional spectra, the formulation is expressed as a sixfold integral that depends upon the Benjamin-Feir index and the parameter R = ν 2 /2σ 2 θ , a measure of short-crestedness for the dominant waves with ν and σ θ denoting spectral bandwidth and angular spreading. Thus, Janssen's formulation leads to an analytical solution for the dynamic kurtosis of narrowband directional waves described with a Gaussian type spectrum. For short-crested seas (R > 0) in a focusing (defocusing) regime, dynamic kurtosis grows initially, attaining a positive maximum (negative minimum) at the intrinsic time scale
Introduction
Third-order quasi-resonant interactions and associated modulational instabilities cause the statistics of weakly nonlinear gravity waves to significantly differ from the Gaussian structure of linear seas (Janssen (2003) ; Fedele (2008) ; Onorato et al. (2009) ; Shemer & Sergeeva (2009) ; Toffoli et al. (2010) ). One integral statistics used as a measure of the relative importance of such nonlinearities is the excess kurtosis (C 4 ). In general, C 4 comprises a dynamic component due to nonlinear wave-wave interactions (Janssen (2003) ) and a bound contribution induced by the characteristic crest-trough asymmetry of ocean waves ( Tayfun (1980) ; Tayfun & Lo (1990) ; Tayfun & Fedele (2007) ; Fedele & Tayfun (2008); Fedele (2008) ).
For long-crested seas at deep water Mori & Janssen (2006) have shown that the dynamic excess kurtosis monotonically increases to the asymptotic value
where
is the Benjamin-Feir index, µ = k 0 σ represents an integral measure of wave steepness and ν is the spectral bandwidth. The preceding approximation is valid for the dynamics of unidirectional narrowband waves described by one-dimensional (1-D) nonlinear Schrodinger (NLS) and Dysthe (1979) equations. Indeed, using the higher order compact Zakharov (cDZ) equation (Dyachenko & Zakharov (2011) ), Fedele (2014) showed that , especially as the spectral bandwidth widens. This is consistent with the result that in accord with cDZ the linear growth rate of a subharmonic perturbation reduces with respect to the NLS counterpart as wave steepness increases (Fedele (2014) ). Thus, modulation instability is attenuated as µ increases, a well known result since Lighthill (1965) (see also Longuet-Higgins (1978) and McLean (1982) ). Thus, we see that the occurrence of rogue waves induced by large breathers becomes less likely as the steepness of carrier wave increases. To date higher-order breathers have been observed experimentally only at sufficiently small values (∼ 0.01−0.09) of wave steepness (Chabchoub et al. (2011 (Chabchoub et al. ( , 2012 ) since wave breaking is inevitable for µ > 0.1, as pointed out by Shemer & Alperovich (2013) (see also Shemer & Liberzon (2014) ). They also noted that 'breather does not breath' while its basic nature begins to differ from the 1-D NLS solution due to significant asymmetric spectral widening. Moreover, breather amplification is smaller than that predicted by the NLS as an indication that the effects of modulation instability attenuate as waves steepen, in accord with the numerical studies of Euler equations (Slunyaev & Shrira (2013) ; ). Clearly, the preceding results are valid for unidirectional waves where energy is 'trapped' as in a long wave-guide. If dissipation is negligible and the wave steepness is small, quasi-resonant interactions are effective in reshaping the wave spectrum, inducing nonlinear focusing via modulation instability before breaking occurs (Onorato et al. (2009); Chabchoub et al. (2011 Chabchoub et al. ( , 2012 ). However, such 1-D conditions never occur in nature as they are unrealistic models of oceanic wind seas. The latter are typically short-crested and energy can spread directionally. As a result, nonlinear focusing due to modulational effects is reduced (Onorato et al. (2009); Toffoli et al. (2010) ).
As to the time evolution of kurtosis in short-crested seas, the focus of recent numerical studies has been on the asymptotic behavior with time (see, for example Annenkov & Shrira (2013 ; Janssen & Bidlot (2009) ). Theoretical studies on the transient shortlived features of kurtosis evolution and how they are affected by wind input and wave dissipation are desirable. These provide the principal motivation for revisiting Janssen's (2003) formulation for the dynamic excess kurtosis of weakly nonlinear deep-water gravity waves (see also Janssen & Bidlot (2009) ).
The remainder of the paper is organized as follows. We first review Janssen's (2003) dynamic kurtosis model. Then, we present an analytical solution of a sixfold integral that yields the growth rate of the dynamic excess kurtosis for narrowband Gaussian-shaped spectra. This is followed by a detailed study of its short-time evolution and long-time asymptotic behavior. In concluding, we discuss the implications of these results on roguewave predictions. Janssen's (2003) formulation of the dynamic excess kurtosis of weakly nonlinear gravity waves is given by the sixfold integral
Dynamic excess kurtosis
where the resonant function
and T 34 12 is the Zakharov kernel (Zakharov (1968 (Zakharov ( , 1999 ; Krasitskii (1994) ) as a function of the wavenumber vectors k j = (k j cos(θ j ), k j sin(θ j )), and the integral is defined over the resonant manifold
The frequency mismatch is given by ω
is the surface spectrum and σ 2 is the variance of surface elevations. The deep-water angular frequency ω(k) = √ gk, the wavenumber magnitude k = |k| and
follows from (2.3), with g denoting gravity acceleration. Since homogenous Gaussian initial conditions with random phases and amplitudes are imposed, it follows that
Eq. (2.1) can be simplified by resorting to a narrowband approximation (Mori & Janssen (2006) ; Janssen & Bidlot (2009) ). So, we assume the spectrum E to peak at ω = ω 0 and θ = θ 0 , where ω 0 and θ 0 denote the dominant angular frequency and wave direction, respectively, and the associated wavenumber k 0 = ω 2 0 /g and phase speed c 0 = ω 0 /k 0 . Next, define
where ν and σ θ denote spectral and angular widths respectively. Under the narrowband condition ν, σ θ 1, T 34 12 ∼ k 3 0 to leading order and the frequency mismatch, correct to
) triplet, and the parameter
is a measure of short-crestedness of dominant waves (Janssen & Bidlot (2009) ). Expanding Eq. (2.1) around ν = 0 and σ θ = 0, to leading order
Here, τ = ν 2 ω 0 t is a dimensionless time and
For a Gaussian-shaped spectrum, the rate of change of C d 4 is explicitly given by (see appendix) 8) and the function J 0 (τ ; P, Q) is defined in appendix. On this basis, the dynamic excess kurtosis follows by quadrature as
where (2008)). For small times τ 1, 
Intrinsic time scale and dynamic kurtosis evolution
The growth rate (2.7) of the dynamic C d 4 vanishes at the dimensionless time
or in physical units
where T 0 = 2π/ω 0 is the dominant wave period. Further, the second derivative of
Thus, C d 4 attains a positive maximum (negative minimum) at τ = τ c for 0 < R < 1 (R > 1). It is straightforward to show that for short-crested seas (R > 0)
Indeed, it is sufficient to study the rate of change of C d 4 for large times τ 1. To do so, consider the change of variable τ = 1/r and expanding (2.7) around r = 0 yields Fig. (2.1) . At the critical value R = 1, the excess kurtosis is null at any time, as can easily be verified from Eq. (2.7).
In summary, depending on the value of R there will be nonlinear focussing (C Fedele et al. (2010) showed that the dynamic excess kurtosis monotonically increases towards the asymptotic value of Eq. (1.1) as in Mori & Janssen (2006) .
The theoretical predictions agree with the numerical simulations of weakly nonlinear deep-water waves carried out by Socquet-Juglard et al. (2005) and Toffoli et al. (2010) . Both studies reported an initial overshoot of the kurtosis followed by a decay towards quasi-Gaussian conditions. For example, Figure ( Fig. 5) . Clearly, the present theoretical model is able to explain the peak and the transient behavior. Soon after the transient stage, the spectrum has already broadened in frequency and spread angularly, approaching a quasiequilibrium state. At this stage, the narrowband approximation provides a qualitative trend of the large-time behavior, i.e. the dynamic excess kurtosis decays to zero because energy spreads directionally in agreement with the DNS simulations of Annenkov & 
Dynamic excess kurtosis maximum
From Eqs. (2.5) and (3.1), the peak value of C d 4 at τ = τ c is given by
The following relation holds
in agreement with Janssen & Bidlot (2009) . This relation allows us to compute the minimum kurtosis for R > 1 from the maximum value for R < 1. Indeed,
where C max 4
= BF I 2 J p (R). Clearly, this vanishes at R = 1 signaling the change from a nonlinear focusing to defocusing regime where the dynamic kurtosis is negative. Drawing on Janssen & Bidlot (2009), the limit
and that for small-times in Eq. (2.11) suggest the least-squares fit for the maximum solving Eq. (4.1) by numerical integration. Evidently, the latter is slightly larger than the maximum excess kurtosis derived by Janssen & Bidlot (2009) , who have also used (4.4) but with b = 1. Their maximum follows by first taking the limit of the resonant function G(t) in Eq. (2.2) at t = ∞ and then solving the sixfold integral in Eq. (2.1). Clearly, for R > 0 the dynamic excess kurtosis should vanish at large times as discussed above. Janssen (personal communication, 2014) confirmed that Eq. (4.1) holds and provided an alternative proof that C d 4 tends to zero as t → ∞ using complex analysis. He also remarks that "this leaves, as yet unresolved, questions regarding the appropriate large-time behavior of the resonance function G(t)".
Further, from (3.1)
Clearly, the maximum kurtosis becomes larger for longer time scales τ c , as illustrated in the right panel of Fig. (4.1) . Note that for τ c > 1/ √ 3 the dynamic excess kurtosis is negative as the wave regime is of defocusing type (R > 1) and the minimum value C min 4 can be computed from Eq. (4.2).
Conclusions
We have revisited Janssen's (2003) formulation for the dynamic excess kurtosis of weakly nonlinear gravity waves in deep water. An analytical solution of the associated growth rate was developed, assuming that waves are approximately narrowband and characterized with a Gaussian type spectrum. Such an approximation is consistent with the dynamics of the 2-D NLS equation.
For short-crested seas, in the focusing regime (0 < R < 1) the dynamic excess kurtosis initially grows attaining a maximum at the intrinsic time scale
Eventually it tends monotonically to zero as energy spreads directionally in accord with numerical simulations (Annenkov & Shrira (2009) ). In the defocusing regime (R > 1) the dynamic excess kurtosis is always negative attaining a minimum at t c and then it tends to zero in the long time. Thus, the present theoretical predictions indicate a decaying trend for the dynamic excess kurtosis over large times. This implies that for time scales t t c the asymptotic behavior of the total kurtosis of surface elevations is dominated by nonlinear bound harmonics in accord with numerical simulations (Annenkov & Shrira (2013 ). For time scales of the order of or less than t c the dynamic component can dominate and the wave field may experience rogue wave behavior induced by quasiresonant interactions (Janssen (2003) ). Indeed, Gram-Charlier type distributions of wave heights ( see, e.g. Janssen (2003); Tayfun & Fedele (2007) ) suggest that the expected maximum crest-to-trough wave height z e = H/σ exceeded by only one wave among N = T /T 0 waves that occur over a period of time T satisfies Clearly, z e can exceeds the expected maximum z 0 = 8log(N ) predicted from Gaussian models noticeably as the total excess kurtosis C 4 increases (see, e.g. Fedele & Tayfun (2008); Fedele et al. (2010) ). Since the shorter the intrinsic time scale t c the smaller the dynamic component C d 4 (see right panel of Fig. 4.1) ), rogue wave behavior can be observed only for longer time t c , i.e. for sea states with smaller angular spreading and narrower frequency spectra (see Eq. (5.1)). However, the preceding analysis assumes stationary conditions and it does not account for wind forcing or wave dissipation due white-capping both of which affect the surface statistics. Moreover, winds can evolve and change on much faster time scales than t c .
This study suggests that current statistical approaches for freak wave predictions may have to be reviewed. The large excess kurtosis transient observed during the initial stage of evolution is a result of the unrealistic assumption that the initial wave field is homogeneous Gaussian. Oceanic wave fields are typically inohomogenous both in space and time. If the wind is sufficiently stationary over a much longer time scale than t c and the underlying environmental conditions do not change a random wave field forgets its initial conditions and adjusts to a non-Gaussian state dominated by bound nonlinearities (Annenkov & Shrira (2013 ). In typical oceanic storms where dominant waves are characterized with ν ∼ 0.2 − 0.4 and σ θ ∼ 0.2 − 0.4, this adjustment is rapid since the time scale t c /T 0 ∼ O(10) with T 0 ∼ 10 − 14 s and the dynamic kurtosis peak is negligible compared to the bound counterpart. In this regime, statistical predictions of extreme waves can be based on the Tayfun (1980) model (Tayfun & Fedele (2007) ; Fedele We should note that recent studies indicate that the maximum expected wave height over an area is larger than that expected at a fixed point in time (Fedele (2012) ), especially in short-crested seas. Further, spatial and temporal inhomogeneity of the wave field should be accounted for. For example, in a storm the significant wave height varies both in space and time and the short-term prediction of extremes should be modified accordingly (see, e.g. Fedele (2012) ). Further studies are likewise desirable to characterize short-and long-term effects of wind input and dissipation on surface statistics and spacetime variability of a wave field for improved predictions of extreme waves.
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Appendix
Consider the generic sixfold integral J 0 (τ ; P , Q) = 2 Reˆ1 − exp(i∆τ ) ∆ E 1 E 2 E 3 dv 1,2,3 dφ 1,2,3 . and from (7.3) dJ 0 (τ ; P, Q) dτ = 2 Im 1 √ 1 − 2iP τ + 3P 2 τ 2 1 + 2iQτ + 3Q 2 τ 2 .
